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Abstract. We present natural bounds for the complexity function of two-di-
mensional arrays, and we study the shape of the maximal complexity function.
Some problems concerning the existence of maximal arrays are discussed.
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1 Introduction
Arrays with elements from given sets of symbols have various applications, e.g.
in frequency allocation of multibeam satellites [8], in designing mask configura-
tion for spectrometers [12] and in cryptography [25]. In [22] possible applications
in picture coding and processing are suggested.
Complexity is one of the important characteristics of such arrays. As the
measure of the complexity we use the subarray complexity introduced by S. L.
Ma [22] which is a natural generalization of the subword complexity defined by
M. Heinz [13]. There are other measures as d-complexity [14, 19] or pattern
complexity [6], and results in more dimensions [6, 9, 10, 15, 16, 22] too. One-
and two-dimensional enumerative results can be found in [17].
In this paper we consider maximal and perfect arrays, and give conditions
for their existence.
2 Definitions
Let q ≥ 2 be a positive integer and X = {0, 1, . . . , q − 1} an alphabet. Let
XM×N denote the set of q-ary M ×N arrays (M , N ≥ 1 positive integers), and
X∗∗ = ∪M,N≥1XM×N the set of finite q-ary two-dimensional arrays.
Definition 1 Let m and n be positive integers with 1 ≤ m ≤M and 1 ≤ n ≤
N . A q-ary m × n array B = [bij ]m×n is a subarray of the q-ary M ×N array
A = [akl]M×N if there exist indices r, s such that r+m−1 ≤M , s+n−1 ≤ N
and bij = ar+i−1, s+j−1, 1 ≤ i ≤ m, 1 ≤ j ≤ n. 2
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According to this definition only nonempty arrays can be (m,n)-subarrays.
We remark that we are dealing with aperiodic q-aryM×N arrays (written on
a planar surface, with all the subarrays situated completely within the borders
of the array). Another point of view is to consider the given array wrapped
round on itself (written on a torus), hence a periodic array. Existence results
for periodic and aperiodic arrays which contain every rectangular subarray of
given sizes precisely once are given by Paterson [26], respectively Mitchell [24].
Notions of complexity similar to those for words can be introduced for arrays.
Definition 2 Let A ∈ XM×N be a q-ary array and m, n positive integers with
1 ≤ m ≤ M and 1 ≤ n ≤ N . Let DA(m,n) denote the set of different m × n
subarrays of A. The subarray complexity function, or, simply, the complexity
function CA : {1, 2, . . . ,M} × {1, 2, . . . , N} → N of A is
CA(m,n) = |DA(m,n)|, m = 1, 2, . . . ,M, n = 1, 2, . . . , N, (1)







The one-dimensional complexity and total complexity functions were intro-
duced by M. Heinz [13] in 1977, and studied later by many authors (see e.g.
recent papers [1, 2, 3, 5, 11, 18, 19, 20, 21, 27]).

















Then TA1 = 6, TA2 = 15, and TA3 = 18. 2
Definition 4 The q-ary M ×N array A is (q,m, n)-extremal if
CA(m,n) = maxB∈XM×N
CB(m,n). 2 (3)
Definition 5 The q-ary M ×N array A is (q,m, n)-perfect if it contains each
of the qmn possible m× n q-ary arrays as a subarray exactly once. 2
Definition 6 The arrays consisting of identical letters are called homogeneous
arrays, the arrays consisting of different letters are called rainbow arrays. 2
We mention that a q-aryM×N rainbow array exists if and only if q ≥MN .
It is obvious that (q,m, n)-extremal arrays always exist in XM×N for arbitrary
values ofM , N , while (q,m, n)-perfect arrays can exist only forM , N satisfying
qmn = (M −m+ 1) (N − n+ 1).
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Definition 7 The function Hq,M,N : {1, 2, . . . ,M} × {1, 2, . . . , N} → N given
by
Hq,M,N (m,n) = min {qmn, (M −m+ 1) (N − n+ 1)} (4)
is called maximal complexity function. 2
Definition 8 The q-ary M ×N array A is (q,m, n)-maximal if
CA(m,n) = Hq,M,N (m,n); (5)
it is maximal if (5) holds for all m = 1, 2, . . . ,M, n = 1, 2, . . . , N . 2
3 Bounds
We present the natural bounds of the complexity function for q-ary arrays A ∈
XM×N , as well as those of the total complexity function.
Proposition 9 For each q-ary M ×N array A we have
1 ≤ CA(m,n) ≤ min {qmn, (M −m+ 1)(N − n+ 1)} ,
m = 1, 2, . . . ,M, n = 1, 2, . . . , N.
(6)
The lower bound is sharp for homogeneous arrays and the upper bound is sharp
for rainbow arrays. The total complexity of A satisfies the inequality





Hq,M,N (i, j). (7)
Proof. From the definition of the subarray it follows that CA(m,n) ≥ 1, m =
1, 2, . . . ,M, n = 1, 2, . . . , N ; for a homogeneous array the equality holds.
It is obvious that the complexity CA(m,n) cannot exceed the total num-
ber of subarrays over X, that is qmn; it also cannot exceed the total num-
ber of subarrays of dimension m × n of the given array (possible not all dif-
ferent), namely (M − m + 1)(N − n + 1). It follows that 1 ≤ CA(m,n) ≤
min {qmn, (M −m+ 1)(N − n+ 1)} , m = 1, 2, . . . ,M, n = 1, 2, . . . , N . For a
rainbow array R we have CR(m,n) = (M −m+1)(N −n+1) = min {qmn, (M
−m+ 1)(N − n+ 1)}.
By summing up the inequalities (6) we obtain (7). 
Remark 10 In terms of the maximal complexity functions, inequality (6) may
be reformulated as
1 ≤ CA(m,n) ≤ Hq,M,N (m,n), m = 1, 2, . . . ,M, n = 1, 2, . . . , N.
It follows that every (q,m, n)-perfect array, as well as any rainbow array, is
(q,m, n)-maximal.
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The values of the complexity and total complexity for homogeneous and
rainbow arrays can be easily computed.
Proposition 11 If H is a homogeneous M × N array and R is an M × N
rainbow array, then
CH(m,n) = 1, CR(m,n) = (M −m+ 1)(N − n+ 1),
m = 1, 2, . . . ,M, n = 1, 2, . . . , N
and
TH = MN, TR =
M(M + 1)N(N + 1)
4
.
Proof. The complexity functions CH and CR were given in the proof of Propo-
sition 9. Easy calculations give the formulas for TH and TR. 
The shape of the complexity function for words was proved in [21, 20, 18, 3]
to be trapezoidal, i.e. it has an ascending part, possibly a horizontal one, and
the last part is a descending line. The main feature is that after becoming
constant, the complexity function of an arbitrary word cannot increase again.
The question for arrays is: for a fixed m0, is CA(m0, ·) still trapezoidal? For
m0 = 1, the answer is positive, as a consequence of the mentioned result for
words; nevertheless, this is not true for all the values m0 = 1, 2, . . . ,M . The
array A in the following example has the property that CA(2, ·) increases again
after becoming a constant.
Example 12 For the array A ∈ {0, 1}3×19 given by
A =
 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 0 0 0 0

one has CA(2, 4) = CA(2, 5) = 21, CA(2, 6) = CA(2, 7) = 22 and CA(2, 8) = 21.
4 Properties of the maximal complexity function
We shall describe some properties of the function Hq,M,N related to the shape
of its graph, namely its monotonicity and its maximum.
For M = 1 (or N = 1) the arrays are in fact finite sequences (words). It was
shown in [2, 3, 21] that for a given N we have
Hq,1,N (1, n) =
{
qn, n ≤ k
N − n+ 1, k + 1 ≤ n ≤ N,
where k is the only natural number for which qk + k ≤ N < qk+1 + k + 1. The
maximum of Hq,1,N is equal to N − k and is attained at the unique point k+1
for qk + k < N ≤ qk+1 + k+ 1 , and at both k and k+ 1 for N = qk + k, hence
Hq,1,N is trapezoidal.
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In the remaining part of this section we shall consider proper arrays (with
M,N ≥ 2).
Remark 13 If both sizes of the array are smaller than the cardinal of the
alphabet X (M,N ≤ q), we have




min {q,MN} , m = n = 1
(M −m+ 1) (N − n+ 1) , otherwise.
The maximum will be given by
Hmax = max {min {q,MN} , N(M − 1),M(N − 1)}
and will be attained at one of the points (1, 1), (1, 2) or (2, 1). If q < MN,
we have Hmax = max {q,N(M − 1),M(N − 1)}; if q ≥ MN, Hmax = MN =
h(1, 1).
In what follows we shall consider max{M,N} > q.
Proposition 14 Let m0 ∈ {1, . . . ,M} be fixed; the function Hq,M,N (m0, ·) is
trapezoidal, the horizontal part containing at most two points; the last part is a
descending line and the maximum of Hq,M,N (m0, ·) is attained at the first point
dm0 situated on the descending line, or on dm0 − 1.
Proof. The values of Hq,M,N (m0, n), n ∈ {1, . . . , N} are given by the minimum
of the values of an increasing exponential and of a descending line. At the
beginning, if (M −m0 + 1)N > qm0 , Hq,M,N (m0, ·) will be situated on the ex-
ponential, and surely it will end on the descending line. ThereforeHq,M,N (m0, ·)
will have a trapezoidal shape, with a horizontal part with at most two points.
There will be a point dm0 ≤ N which is the least value of n for which
Hq,M,N (m0, n) is on the descending line, i.e. if dm0 > 1
(M −m0 + 1)(N − dm0 + 1) ≤ qm0dm0
(M −m0 + 1)(N − dm0 + 2) ≥ qm0(dm0−1).
The maximal value of Hq,M,N (m0, ·) will be given by
µm0 = max
{
qm0(dm0−1), (M −m0 + 1)(N − dm0 + 1)
}
.
The maximum of Hq,M,N over {1, . . . ,M} × {1, . . . , N} will be then Hmax =
max {µm : m ∈ {1, . . . ,M}}. 
Remark 15 The maximum of Hq,M,N can be attained at a unique point (for
example H2,4,5(2, 2) = 12) or at several points (H2,4,2(1, 2) = H2,4,2(2, 1) =
H2,4,2(3, 1) = 4).
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5 On the existence of maximal arrays
In [3] it was proved, using the results in [4, 7, 23, 27] that there exist finite
words with maximal complexity, of any given length; it follows that there are
M × 1 and 1×N maximal arrays for all positive integers M and N . More than
that, in [2] the number of the words with maximal complexity is presented.
Nevertheless, if both M and N are ≥ 2, the situation differs, as the following
proposition shows.
Proposition 16 There are sizes M, N ≥ 2 for which there are no arrays with
maximal complexity.
Proof. For M = N = 4 calculations show that the total complexity TA of any
4 × 4 array is ≤ 69, while ∑4i=1∑4j=1 H2,4,4(i, j) = 70. It follows that for
each 4 × 4 array A there exists at least one pair (m,n) for which CA(m,n) <
H2,4,4(m,n). 
Open question Find the pairs M,N for which there exist maximal arrays in
X∗∗.
The result in Proposition 16 prevents us from obtaining a q-ary array with
maximal complexity for any M and N ≥ 2. A further question is: given M , N
and m ≤M, n ≤ N, is there an M ×N array Am,n which is (q,m, n)-maximal?
A partial answer is given in [24]: in the binary case, if (M−m+1)(N−n+1) =
2mn, there exists aM×N array which is (2,m, n)-maximal (in fact it is (2,m, n)-
perfect).
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